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Abstract—A generalized weak contraction condition involves an altering distance function which is non-
decreasing and continuous. However, in dealing with problems, the altering distance function fails to be
continuous throughout. There is a need to develop tools to handle such situations. Further, in many of the
common fixed point results while dealing with generalized contractions involving an altering distance
function Y and a deficit function ¢, the absence of any link between ¥ and ¢ may not give good results.
Further, a suitable link between 1) and ¢ will lead to fruitful results. Keeping these things in view, we show a
way to successfully avoid continuity of the altering distance function. Improving a suitable link between
1 and ¢ we prove common fixed point results, from which the results of earlier authors follow as corollaries.
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I. INTRODUCTION

HE study of fixed points of mappings satisfying
certain conditions has been at the centre of rigorous

research activity. Rhoades (1977) showed that there
are several possible types of extended forms of contraction
pairs. Jungck (1986) introduced the notion of compatible
mappings which are more general than commuting and
weakly commuting mappings. In 1998, Jungck & Rhoades
(1998) introduced the concept of weakly compatible maps
and showed that compatible maps are weakly compatible but
not conversely. Chugh & Kumar (2001) proved a fixed point
theorem for weakly compatible maps without appeal to
continuity.

Khan et al.,, (1998) introduced the notion of altering
distance and used it to solve fixed point problems in metric
spaces. Recently many authors, for example, [Sastry & Babu,
1999; Naidu, 2003; Singh & Dimri, 2011] used the altering
distance function and obtained some fixed point theorems.
Further, the concept of weak contraction was introduced in
1997 by Ya I. Alber & Guerre (1997) in Hilbert spaces and
subsequently extended to metric spaces by Rhoades (2001).
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Recently, Popescu (2011) proved fixed point problem
involving weak contraction and mapping satisfying weak
contractive type inequalities.

Gairola & Ram Krishan (2013) presented fixed point
results for three self maps satisfying a generalized weak
contraction condition by using the concept of weakly
compatible maps in a complete metric space. These results
extend and generalized the results of Choudhary et al.,
(2011).

A generalized weak contraction condition involves an
altering distance function which is increasing and continuous.
In this paper, we introduce the notion of a pseudo altering
distance function (doing away with continuity) and obtain a
common fixed point theorem.

In the results of earlier authors, dealing with generalized
contractions involving an altering distance function Y and a
deficit function ¢ no link is given between Y and ¢. In this
paper, besides introducing a pseudo altering distance function
1, we also insist on a link between 1) and the deficit function
@. We observe that, when ¥ is continuous, this link is
satisfied automatically. With the aid of a pseudo altering
distance functiony and a link between Y and the deficit
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function ¢, we prove a common fixed point theorem which
extends the results of Gairola & Ram Krishan (2013).

II. PRELIMINARIES

In this section we state some known definitions which we use
in the next section.

Definition 1.1: [Rhoades, 2001]

A mapping T: X — X, where (X, d) is a metric space, is said
to be weakly contractive, for x,y €X,d(Tx,Ty) <
dx,y)— o(dx,y),

where,

@: [0,00) — [0,00) is a continuous non - decreasing
function such that ¢ (t) = 0 if and only if t = 0. If one takes
() =1 —k)t, where 0<k <1, a weak contraction
reduces to a Banach contraction.

Definition 1.2: [Khan et al., 1998]

A function ¥: [0,00) — [0, 0) is called an altering distance
function, if the following properties are satisfied,
(1.2.1): ¢ is monotonically increasing and continuous,
(1.2.2): () = 0 ifand only if t = 0.

Definition 1.3: [Choudhary et al., 2011]

Let (X, d) be a metric space, T a self mapping of X. We shall
call T a generalized weakly contractive mapping if for all
x,y €X.
Y(d(Tx, Ty) <
Y(m(x,y) — ¢(max{d(x,y),d(x,Tx),d(y,Ty)})
where,
m(x,y) = max{d(x,y),d(x T), d(y,Ty),; [d(x, Ty) +

d(y, Tx)l}

1 is an altering distance function and

@: [0,00) — [0, ) is a continuous function with ¢ (t) = 0 if
and only if t = 0.

Definition 1.4:

Functions ¢: [0,00) — [0, ), such that ¢ is a continuous
with ¢ (t) = 0 if and only if are called deficit functions.

A generalized weakly contractive mapping is more
general than that satisfying,

d(Tx,Ty) < km(x,y), for some 0<k<1land is
included in those mappings which satisfy d(Tx,Ty) <
m(x,y).

Definition 1.5: [Jungck, 1986]

Let Sand T be mappings from a metric space (X,d) into
itself. The mappings S and T are said to be compatible if,
lim, _,,, d(STx,,TSx,)=0, whenever {x,} is a sequence in
X such thatlim,,_,,, Sx, =t = Tx,, for some t € X.

Definition 1.6: [Jungck & Rhoades, 1998]

Let Sand T be mappings from a metric space (X,d) into
itself. The mappings Sand T are said to be weakly
compatible if, they commute at their coincidence points, that
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is, if Tu = Sufor some u € X, then TSu = STu. In this
connection if we write v = Tu = Su then, we say that v is a
point of coincidence of (S, T).

III. MAIN RESULT

Before we go to our main result, we introduce the notion of a
pseudo altering distance function.

Definition 2.1:

Suppose : [0,00) — [0, 0) is a non — decreasing function
such that,

(2.1.1):(t) =0 ifand only if t = 0, and

(2.1.2): 0 is a limit point of the range of i, that is, 0 is a
limit point of ([0, 0)).

Then v is called a pseudo altering distance function.

Remark 2.2:

We observe that every altering distance function is a pseudo
altering distance function. If 1 is an altering distance
function, then ¥(t) = 0 if and only if t = 0.

Hence, for any € > 0,[0,€) is connected and hence
1p([0, e)) is connected. Consequently 1/)([0, 6)) is an interval
of containing [0,6) for some § > 0 (from (2.1.1)).

Hence 0 is a limit point of the range of 1.

The following example shows that the notion of a pseudo
altering distance is a proper generalization of the notion of
altering distance.

Example 2.3:
Define : [0,00) — [0, ) as follows.
0ift=0
Y(t)= Ly te =12
B nlf nt+Unl T e

nifte(n—-1,nl,n=23,..
Then 1 is a pseudo altering distance function but not an
altering distance function (being not continuous).
Now we state and prove our main result.

Theorem 2.4:

Let (X, d) be a complete metric space. Let S, f,g: X — X be
self mappings such that for all x,y € X, S(X) c f(X)Ng(X),
Y(d(Sx,Sy) <
p(max{d(fx, gy), d(Sx, fx),d(Sy, gy),; [d(Sx, gy) +
d(Sy, fx)})— ¢(max{d( fx, gy),d(Sx, fx),d(Sy, gy)}) —
(2.4.1)

where,

(2.4.2): @:[0,00) — [0,0) is a continuous function
with @(t) = 0 ifand only if t = 0.

(2.4.3): Y:[0,0) — [0, 0) is a pseudo altering distance
function.

24.4):YP(e+0)— Y(e—0) < p(e)Ve >0.

Then (S, f) and (S, g) have a coincidence point.

Further if (S, f) and (S, g) are weakly compatible pairs,
then S, f and g have a unique common fixed point.
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Proof:
Let x, € X. We define a sequence {y, } such that
Yon = SxZn = fx2n+1
Vont1 = SXops1 = GXonip, foralln € N —(2.4.5)
Now we using (2.4.1), we have,0(d( V241, Yonaz)) =
Y(A(Sx2n41, SX2n42))
< Y(max{d( fX2n41,9%2m+2 ) A(SX2n41, [X2n41),
A(Sxzn42,9%on+2 ):% [d(SX2n41,9Xon+2) +
d(Sx2n+2 4 fXZC;LE})]}) ) d(s f )
Xon+1,9%2n42 ) Xon+1s J X2n+1 )
—¢ (max{ d(Sx3p42, 9Xon+2
< Ymax{d(Y2n, Yan+1) A Y2nt1, Yon ) A Yans2» Yons1)s
%[d(y2n+1' Yan+1) + d(YVons2, Yon 1}) =
p(max{d (Y23, Y2n+1) A(Yans1, Yan 1 A(YVans2s Yan+1))
=YA(Yant1) Yans2)) = ©@(Y2n41, Yans2)) —(2.4.6)
Suppose,

d(Yon) Yons1) € d(Yant1, Yonsz) —(24.7)
Then for some n from (2.4.5) we get,
Y(A(Yons1) Yansz))
S Y(A(Yznt1) Y2n2)) = 9(@(Vani1, Yant2))
& @(d(Yans1s Yans2)) = 0,50 that Ypni1 = Yonso
Now from (2.4.6) we get, Y2, = Yont1 = Yanto-
Consequently, from (2.4.5),
Yon = SxZn = fx2n+1
Von+1 = SXoni1 = GXon+2,
Yontz = SXopniz = [Xopys foralln €N
Hence,
SXont1 = Yans1 = Yon = [Xonta
Showing that x,,,; is a coincidence point of S and f,
and
SXonsz = Y4z = Yont1 = 9X2n+2
Showing that x,,, , , is a coincidence point of S and g.
Further y,,,11s a point of coincidence of (S,f) and
S, 9.
~ We may suppose that,

A(Y2n» Yan+1) > A(Y2n41, Yans2) for everyn
Similarly, we can show that,

d(Yans1) Yans2) > d(Y2ns2) Yonsz) V1
Thus,
~ A(Ynt1, Ynaz) > d(Yn, Yns) V1
Write a, = d(yn , yn+1)~
Then {a,}is strictly decreasing sequence and hence
decreases to a point say, p.
From (2.4.6) we have,
P(ans1) < Play) — 9(a,) <pla,) —(2.4.8).
Hence, {(a,)} is a decreasing sequence and hence
decreases to, say, q.
~YPla,) 2 Yp(P)Vn=q = P(p).
Letting n — oo in (2.4.8), we get,
e 3= e(p)=0 =p=0.

(> ¢ is continuous )

Thusa, | 0.

Now we show that g = 0.

Suppose q > 0. Then from (2.1.2) there exists t > 0
such that 0 < ¢ (t) < q.
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Then Y(t) < q < Y(a,) Vn,sothatt <a, Vn (-9
is non — decreasing)

Hence t < 0, a contradiction.

Consequently g = 0.

Thus d( Vno :Vn+1) 10 and l,l)(d( Vao Yn+1)) \ 0.
Now we shall show that {y,,} is a Cauchy sequence.

Suppose that {y,} is not a Cauchy sequence. Then there
exist an € > 0 and two sequences m(k) and n(k) such that

and
m(k) >n(k)>k
AV ney Ymay) ze 3 —249).
for every integer k

Let m(k) be the least integer exceeding n(k) satisfying
(2.4.9) so that,

A(Vntey Yma-1) < € —(2.4.10)
Using triangular inequlity in (2.4.10), we have,
€ < d(yn(k)t ym(k
< d(Yna) Ymao-1)
+ d( VYmk)-1 Ym(k

ie., €< d( Yy Ymw) < €+ d(Vme-1, Yma
Now letting k — oo, we have

My Lo d( Yty Yma) = € —(2.4.11)
Again,
d(Ynerr Ym@o) < A(Vnwo» Ynoor41)

+d( Y n@+1 Ymwo+1) + A(Ym@+1 Ymae  and
A(Y i1 Ymo+1) < AVt Yace

+d(Yutorr Ymw) + A Ymoer Ymaor+1)
On letting k — oo, we have,

My o AV n() 1 Y@ +1) = € —(2.4.12)
In a similar way, we can show that,

My Lo (Va0 Ymaos1) = € —(2.4.13)
We may suppose, without loss of generality, that both
m(k) and n(k ) are even.
Now for x = X, 4), ¥ = Xpm(e)+1»
We have from (2.4.1),
YA Vny+1> Ymr+2)) = P@(Sxngor15 SXmgo+2))
= w(max{d( X417 9Xm) +2 ) d(sxn(k)+1 , fxn(k)+1)'

1
d(sxm(k)+2 ngm(k)+2)’§ [d(sxn(k)+1 lgxm(k)+2)
+d(Sxmanzs fXngoe)]D

—o <max {d( Fonty+1> 9%m 42 ) A(SXntoy41, [ngors1 )
A(SXm (k)22 9%m o) +2

A(Yuty Ym(41) A Vntor 41 Ynto))s

<y | max d(ym(k)+2' ym(k)+1)’

2 [d( Va1 Ymo+1) T A Vmao20 Ynao)

A( Ynwy Ymo+1) A Vnwr+1r Yno)s

d( Ymk)+2 ym(k)+1)
—(2.4.14)

Let 6 > 0. Then from (2.4.11), (2.4.12) and (2.4.13),
there exists N such that for k > N,

d(yn(k): ym(k)+1) <e€e+0

—@ <max
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A(Vny+1> Yny) < 0
d(ym(k)+2' ym(k)+1) <d
d(yn(k)+1' ym(k)+1) <e+ 0
A( Ym@oys2» yn(k)+1) <e+ 0
Hence from (2.4.14) and monotonic increasing property
of Y, we get, for k > N,

1% (d( Yn()+1, Ym(k)+2
<yYle+0
( {d(yn(k)' ym(k)+1)'d(yn(k)+1' yn(k));
— @ | max
d( Ymk)+2 ym(k)+1)
Now, letting k — oo, since ¢ is continuous, we get,
limy e, Sup Y(A( Y naost» Ym@o+2)) < Wle +0)-
p(e).
~YPle—0) <
limy, oo Sup Y(A( Y naos1r Ym+2)) < W€ +0)-@(e).
This being true for every d > 0, we get,
Yle—0) < P(e +0) — @(e), so that,
p(e) < P(e+0)—yYle—0) < ¢(e)a contradiction,
from (2.4.4).
Hence {y,} is a Cauchy sequence.
Since X is complete there exists a point z in X such that,
lim y,, = nli_r)ntD Sxy, = nlilnoo fxyny1 =z and

lim yyn4q = lim Sx;,44 = lim gxp,,, = 2.

Since S(X) c f(X)Ng(X), there exist points u and
v € X such that fu = zand gv = z.

We shall prove that,

z=fu=Suandz = gv = Sv.

Suppose Su # z,

Write € = d(Su, z) > 0.

Let 0 < & < e. Then there exists N such that,

d(2 Yon-1) < 5:d(¥2n, Yon-1) < 5 and

% [A(Su, Yono1) + d(Yan 2)]1 < §+g vnx=N

S P(d(Su, fxyne1)) = P(A(Su, Sxz,))

? w(max{d(fu, ngn)! d(Su! fu): d( SxZn , ngn):

E [d(Su, ngn) + d( SxZn 'fu)]})

- (p(max{d(fu, ngn)!d(Su! fu): d( SxZn ’ ngn)})

1S w(max{d(z, Yon-1 ): d(Su: Z): d( Yonr Yan-1 )'

2 [d(Sw, Y on-1) + d(y2n,2)]})

—@(max{d(z, ¥,,-1),d(Su,2),d( Y2, ¥ 20n-1)})

€ € € 8

< w(max{g, €55+ E}

- (p(max{d(z, Yon-1 ): E:d(yZn » Yon—-1 )}) for n = N:
(since € = d(Su, z))

= l,lJ(G) - go(max{d(z, Yan-1 ): €, d( Yonr Yan-1 )})

S YAy, fxyu41)) =
l,lJ(G) - (P(max{d(Z: Yan-1 ): €, d( Yonr Yan-1 )})

On letting n — oo, we get,

Yle—0) < lim, Lo, Sup Y(d(SU, X2 031)) <
() - p(e)

< P(e+0)-gp(e)

~ @(e) < PYle+ 0) —yY(e — 0), a contradiction.

Hence Su = z.
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Thus Su =z = fuso that u is a coincidence point of
.-
Now we prove that v is a coincidence point of (S, g).
Y(d(z,Sv)) = P(d(Su,Sv))
< Y(max{d(fu, gv),d(Su, fu),d(Sv, gv),
> [d(Su, gv) + d(Sv, fw]})
— p(max{d(fu, gv), d(Su, fu),d(Sv, gv)})
< y(max{d(z,2),d(z,2), d(Sv,2),5 [d(z,2) +

d(Sv,2)]}) — e(max{d(z, z),d(z,z),d(Sv,z)})
=Y(d(Sv,2)) — @(d(Sv,2))
~ @(d(Sv,2)) =0
~ d(Sv,z) =0
~Sv=z
~Sv=gv=2z
Thus (S, f) and (S, g) have coincidence points, namely, u
and v respectively.
Now suppose (S, f) and (S, g) are weakly compatible.
Then S and f commute at u and S and g commute at v.
Hence,
S(fu)=f(Su) = Sz = fzand
S(gv) =gv) = Sz=gz
~ Sz=fz=gz —(24.15)
Now
Y(d(z,S2)) = P(d(Su,Sz)) <
Y(max{d(fu, gz),d(Su, fu),d(Sz, gz),% [d(Su,gz) +
d(Sz, fuwl}) — e(max{d(fu, g2),d(Su, fu), d(Sz, g2)})
< Y(max{d(z, Sz),d(z,2),d(gz, gz),% [d(z, Sz) +
d(Sz,2)]}) — e(max{d(z, Sz),d(z,z),d(5z,52)})
=Y(d(z, S2)) — ¢(d(z, S2))
~ p(d(z,52)) =0
&% d(z,52)=0
& Sz=12z
So that z is a fixed point of S.
Now, from (2.4.15) follows that z is a common fixed
point of S, f and g.
Now suppose p is a common fixed point of S, f and g.
Then,
Y(d(z,p)) = ¥(d(Sz,Sp)) <
(max{d(fz, gp), d(5z, f2),d(Sp, gp), [d(Sz, gp) +
d(Sp, f2)1})— @(max{d(fz, gp),d(Sz, fz),d(Sp, gp)})
< (max{d(z,p), d(2,2), d(p,p),; [d(z,p) +
d(p,2)]}) — ¢(max{d(z,p),d(z z),d(p,p)})
= ll)(d(Z, p)) - (p(d(Z, P))
~d(z,p)=0
S Z = p
~ z is the unique common fixed point of S, f and g
The following is a direct corollary to our main result.

Corollary 2.5:

Let (X,d) be a complete metric space. Let S, f: X — X be
self mappings such that for all x,y € X, S(X) c f(X),
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Y(d(Sx, Sy) <
p(max{d(fx, fy), d(Sx, fx), d(Sy, fy), [d(Sx, fy) +
d(Sy,fx)}) — e(max{d(fx, fy),d(Sx, fx),d(Sy, fy)})
— (2.5.1)
where,

(2.5.2): @:[0,00) — [0,00) is a continuous function
with @ (t) = 0 ifand only if t = 0.

(2.5.3): Y:[0,0) — [0,00) is
distance function, and

254):yYEe+0)— YPle—-0) <@ (e)Ve >0.

Then S and f have a coincidence point. Further if (S, f)
is a weakly compatible pair, then S and f have a unique
common fixed point.

a pseudo altering

Proof:

By taking f = g in the theorem (2.4) we get the proof.
Now we show that the result of Gairola & Ram Krishan
(2013) follows as a corollary from our main result.

Corollary 2.6: [Gairola & Ram Krishan (2013), Theorem 3.1]

Let (X,d) be a complete metric space. Let S, f,g: X — X be
self mappings such that for all x,y €X, SX)c
FGONg(X),

P(d(Sx,Sy) <
p(max{d( fx, gy),d(Sx, fx),d(Sy, gy),; [d(Sx, gy) +
d(Sy, fx)}) — @(max{d(fx, gy), d(Sx, fx), d(Sy, gy)})
— (2.6.1)
where,

@:[0,00) — [0,0) is a continuous function with
@(t) =0 if and only if t = 0, and ¥: [0,0) — [0, 0) is an
altering distance function.

Then (S, f) and (S, g) have a coincidence point. Further
if (S, f) and (S, g) are weakly compatible pairs, then S, f and
g have a unique common fixed point.

Proof:

We have already observed (Remark following definition 2.1)
that every altering distance function is a pseudo altering
distance function. Further, if Y is an altering distance
function and ¢ is as stated in the above theorem, then clearly,
for any € > 0,

Y(e +0) — Y(e —0) = 0 (Since P is continuous at €)
< ¢ (¢) (Since € > 0)

Thus condition (2.4.4) in our main result (theorem 2.4) is
satisfied.

Thus, all the hypothesis in theorem 2.4 is satisfied.
Consequently, the result follows.

IV. CONCLUSIONS

The main result shows that existence of fixed points for self
maps can be obtained even with the use of altering distance
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functions which is more convenient than expecting the
altering distance function to be continuous. Further finding a
link between the pseudo altering distance function ¥ and
deficit function ¢, which is automatically satisfied with an
altering distance function, is a major positive step in
improving common fixed point results.
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